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■ Abstract 

In this paper, a version of polymer quantum mechanics, which is inspired by loop quantum gravity, 
is considered and shown to be equivalent, in a precise sense, to the standard, experimentally tested, 
Schrodinger quantum mechanics. The kinematical cornerstone of our framework is the so called 
^SJ ' polymer representation of the Heisenberg-Weyl (H-W) algebra, which is the starting point of the 

construction. The dynamics is constructed as a continuum limit of effective theories characterized 
by a scale, and requires a renormalization of the inner product. The result is a physical Hilbert 
space in which the continuum Hamiltonian can be represented and that is unitarily equivalent 
to the Schrodinger representation of quantum mechanics. As a concrete implementation of our 
""^ ' formalism, the simple harmonic oscillator is fully developed. 
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I. INTRODUCTION 



A non-standard and 'exotic' representation of the canonical commutation relations, re- 
cently introduced in the context of non-perturbative quantizations of gravity and known 
as polymer quantum mechanics has been used to explore both mathematical and physical 
issues in background independent theories such as quantum gravity [l]. A notable example 
of this type of quantization, when applied to minisuperspace models has given way to what 
is known as loop quantum cosmology 0] . As in any toy model situation, one hopes to learn 
about the subtle technical and conceptual issues that are present in full quantum gravity by 
means of simple, finite dimensional examples. This formalism is not an exception in this re- 
gard. Such a quantization is made of several steps. The first one is to build a representation 
of the Weyl algebra (sometimes also known as the Heisenberg-Weyl algebra) on a Kinemat- 
ical Hilbert space that is "background independent', and it is sometimes referred to as the 
polymeric Hilbert space. The second part, the dynamics, deals with the implementation of 
a Hamiltonian (or Hamiltonian constraint) on this space. In the examples studied so far, 
the first part is fairly well understood, yielding a kinematical Hilbert space Hpoiy that is, 
however, non-separable. Dynamics has proved to be a bit more difficult, given that a direct 
implementation of the Hamiltonian H on 7i po i y is not possible since one of the main features 
of this quantum mechanics is that the operators q and p cannot be both simultaneously de- 
fined (nor its analogues in theories involving more elaborate variables). Thus, any operator 
that involves (powers of) the not defined variable has to be regulated by a well defined oper- 
ator. However, the regulator can not be removed and one is left with the ambiguity that is 
present in any regularization. The freedom in choosing it can be sometimes associated with 
a length scale, as is the case of a simple harmonic oscillator, where the freedom can be cast 
in terms a length scale associated with the 'discreetness of space'. In the standard treatment 
of that system, it has been argued that if this length scale is taken to be 'sufficiently small', 
one can arbitrarily approximate standard Schrodinger quantum mechanics [if 1 . 

In this paper we shall adopt a different viewpoint. The new viewpoint is that any scale 
that one chooses for defining the Hamiltonian should be seen as providing an effective de- 
scription at the given scale. A natural question is what happens when we change the scale 
and go to even smaller 'distances'. Can we define consistency conditions between these 
scales? Or even better, can we take the limit and find thus a continuum limit? As we shall 
see in this paper, the answer to both questions is in the affirmative. 

In the remainder of the introduction, let us pose the question with a bit of more precision. 
The kinematical Hilbert space TC po i Y , x is the completion of the vector space Cyl x which is 
finitely generated by the family of functions {5a; }x o eK (where S Xo (x) = if x ^ xq and 
3x ( x ) = 1 if x = Xq) with the inner product that makes this family an orthonormal basis. 
That is, the "polymer representation" of the Heisenberg-Weyl algebra in H po iy, x [l|, is such 
that the operator x acts by multiplication and the generator of translations V{\) acts as: 
V^(A) • \I/(x) = \I/(x — A). The inner product on the basis is given by: (S XQ (x), 8 xi (x)) = 8 XOjX1 . 
A state \& G 7i. po i y ,x is of the form \l/(x) = ^ ipi 5 Xi (x) with J2i IV^I 2 < °°- 2 As we have 
already mentioned, the dynamics is problematic in this framework; not even the Hamiltonian 



1 In loop quantum cosmology, the minimum area gap of the full quantum gravity theory imposes such a 
scale |2j. 

2 This corresponds to the 'position representation' of the polymeric quantum mechanics. In most treatments, 
the Hilbert space is described in the 'momentum representation' where the basis is given by quasiperiodic 
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of the simple harmonic oscillator can be represented inside 7i. po \y, x - This is the case given 
that the operator p (the generator of translations in x) is not well defined in 7i po i y ,x, so any 
observable that depends on finite powers of p is not well defined as such. In this regard 
this simplified quantum mechanical system captures the essence of loop quantum gravity, 
including the mathematical origin of the non triviality of the dynamics. Recall that in the 
case of LQG, the curvature of the connection -that appears in the constraints- is not a well 
defined operator so one has to approximate it by a holonomy. 

In this paper we construct a physical Hilbert space and a Hamiltonian operator on it as 
a continuum limit of effective theories. That is, we import the proposal of constructing the 
dynamics of loop quantized theories as a continuum limit of effective theories developed in 
[3J] to this model structure for quantum mechanics. 

As an example of the continuum limit here presented, the case of the simple harmonic os- 
cillator is fully developed. We make extensive use of previous results by Ashtekar, Fairhurst 
and Willis [lj. However, the viewpoint here advocated is different from the viewpoint of 
where the authors already had evidence of "some convergence with standard quantum me- 
chanics" (see also (i[ for a different perspective). The question that these papers have tried 
to address is rather simple: Can polymer quantum mechanics approximate the standard 
representation of quantum mechanics? This question implicitly comes with the next ques- 
tion: What is the meaning of approximating a quantum theory? In a sense the difference 
between [ij and this work deals with the different answers given to the later question. 
The viewpoint here adopted, as we shall elaborate throughout the paper, is based on the 
construction of a continuum theory as an appropriately defined limit. This theory will turn 
out to be equivalent to the standard Schrodinger quantum mechanics. Our procedure in- 
volves, as intermediate steps, the construction of effective theories at different scales, that 
on themselves can be seen as an approximation (given certain tolerances) of the continuum 
theory. When we focus attention to one given scale our treatment bears some resemblances 



The strategy for constructing the continuum theory starting from the polymer represen- 
tation will involve three steps. In the first one we choose to view the Hamiltonian as a 
quadratic form, which implies that it is naturally coarse grained by a map relating different 
scales, and that its continuum limit will be a projective limit. We should explicitly mention 
that the matching of effective theories at different scales that is behind the continuum limit 
involves coarse graining as well as rescaling. The second step corresponds to working at 
one given scale, but replacing the effective theory at that scale by better theories that know 
about degrees of freedom from finer scales and that are generated by coarse graining and 
rescaling the effective theory of a finer scale. If at a given scale these microscopically cor- 
rected theories converge, the limit is called a completely renormalized theory at that scale. 
In the last step the completely renormalized theories at all the scales are pasted together 
(they satisfy a compatibility condition) to construct the continuum limit. A product of this 
construction is the physical Hilbert space. This space turns out to be equivalent to the 
ordinary L 2 space of the Schrodinger theory. 

The structure of the paper is as follows. In Sec. [Ill we introduce the necessary steps for 
defining the notion of scale and the continuum limit at the kinematical level. Section III II is 
devoted to the dynamics, namely to the Hamiltonian. In this section the physical Hilbert 
space is constructed. In Sec. llVl we show in detail how the program outlined in the previous 



functions and the inner-product is given by the Haar measure on the Bohr compactification of K 
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sections is implemented in the case of the harmonic oscillator. We conclude the paper with 
a discussion in Sec. [V] 

II. EFFECTIVE THEORIES, COARSE GRAINING AND CONTINUUM LIMIT: 
KINEMATICS 

A central object of the kinematics is the Hilbert space 7i po \ ytX ; it will be the starting 
point for our formalism. In this section we shall see how our notions of effective theories at 
a given scale, the coarse graining maps that relate the different effective theories and the 
continuum limit are compatible with TL vo \ y , x . 

The role of scales will be played by decompositions of K as a disjoint union of closed-open 
intervals. 

Definition 1 (Scale) In our context, a scale C is a decomposition of the real line of the 
form 

R = U aieC OH, 

where aci = [L(ai), R(an)), and the vertex set = R(oii)} ai& c is required not to have 

any accumulation point. 

Recall that TL V o\ y , x is the completion of Cyl x , which is finitely generated by the basis given 
by {S XQ (x)}, consisting of all Kronecker deltas for x G M. A scale C defines an equivalence 
relation ~c in Cyl x ; we define this relation on one basis and extend it by linearity to the 
whole space. We declare 

8xo ~c 8y 3 a, eC : xo,y ea>i. 

To every scale C we associate a space of states at scale C defined as the vector space of 
equivalence classes 

Cyl(C) = Cyl x / ~c ■ 

This vector space is finitely generated by an orthonormal basis {e a }a&c labeled by the cells 
of C. 3 The completion of Cyl{C) is the Hilbert space TCc- 

We will also work with the dual space Ti c . Since the space of states at any given scale 
is a Hilbert space, its dual is isomorphic to it, but for us the dual space will be of special 
interest. Notice that its elements have a natural ~c-preserving action on Cyl(J3t) x . This 
action is particularly simple to see for the elements of the dual basis {w a } aeC ; for them we 
have 

where Xa is the characteristic function of the set a C R. Thus, we write 

H* c C Cyl(Cy 

where we have noticed that Cyl(C)* can be thought of as the ~crP reservm g subspace of 
Cy/(R)* 



3 There is a natural projection Pc ■ Cyl x — > Cyl(C) and the inner product in He can be pulled back from 
H P oiy,s by any section. The end result is that the basis {e Q } becomes orthonormal: {e a ,ep)c — 8a,/3- 
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Definition 2 (Coarse graining) Given two scales we write C a < Cb and say that C a is a 
coarse graining of Cb ( or Cb is a refinement of C a ) if any interval cti G C a is a finite union 
of intervals of Cb- 

Our coarse graining maps work by decimation. If we have two scales related by refinement 
C a < Cb our decimation map will be defined to be the injective isometry d : Hc a — > 7~tc b 
characterized by 

d(e a ) = ep L(a) = L(f3). 

It is important to notice that if C a < Cb < C c the corresponding d-triangle diagram com- 
mutes. 



On the other hand, d* : Ti,Q b 



H-Ca sen ds part of the elements of the dual basis to zero 



while keeping the information of the rest: d*(up) = oo a if L(ot) = L((3); if there is no interval 
a G C a with that property d*(up) = 0. 
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FIG. 1: (a) d(£* =1 e Q J = e A + e A + ep 4 (b) d*(^ =1 = E ) =l uj 



Now we mention two properties that will be central when defining a continuum limit. 

1. Apart from being partially ordered, the set of scales is directed towards refinement. 
Any two scales C a , Cb have a common refinement, C c > C a and C c > Cb- (In particular, 
the decomposition consisting of the intersection of the intervals of C a and Cb defines 
a scale that is finer than the original pair of scales.) 

2. The set of scales satisfies the following property of infinite refinement. Given any open 
set U C K there is a scale C which has an interval completely contained in it, a, L G C 
and a,- C U . 



Our objective now is to introduce a construction that will let us define the limit of Tic 
as the scale C gets infinitely fine. At a given scale C the corresponding Hilbert space 
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Tic contains "states that come from coarser scales" Cq < C using the decimation map 
d : Ti,c — > 7~Lc- It is clear that if Cq is not equal to C then there are states in Tic that do 
not come from states in Hc - Also those states of the form d((f>c ) may "come from scales 
even coarser than C ", since it could happen that there is a scale Cq < Cq and a state at 
this scale such that <pc = d(<f>c' )- That is, the state (pc G 7^c an d the state (pc' Q G ?^c£ 
(such that 0c* o = d(<f>c^)) agree when they are brought to scale C by the corresponding 
decimation maps. The systematic construction that organizes this repeated information is 
the following. Given a state at any scale coarser than C, say 4> C ' G H-c' with C < C, we 
assign to it a collection consisting of one state at every scale Cq that is finer than C coarser 
than C, {<pc = d(<pc' ) G ^c }c^<c <c- m addition we must regard two such collections as 
equivalent if they agree at the finer scales; that is, the collection written above is equivalent 
to {ipc — d{t])c'j) G 7~tc }c£<Co<c if an d only if there is a scale C\ such that C' < C±, 
Cq < Ci and for any scale C 2 > C 1 we have dfycg) = d(cj)c^) G 7~tc 2 - The set of such 
equivalence classes of collections can be endowed with the structure of a vector space and 
this vector space is isomorphic to He itself. The corresponding map, Iq is given by 

/o(e« l> c) = {(Co,e ft>Cb )|C <C7} 

where the scale Cq contains an interval j3j such that L(e au c) = L(ep^c )- Moreover, since 
the decimation maps d are isometries the set of equivalence classes of collections can be 
made a Hilbert space. 

One can notice that the scale C on the collections described above only plays the role 
of a cut-off allowing only scales coarser than it. We can work with collections that do not 
have any cut-off by simply replacing the scale C by the symbol R. Again we can define an 
equivalence relation and it can be given the structure of a Hilbert space. This is formalized 
in the following definition. 

Definition 3 (Continuum limit of Tic) Our decimation map d gives a meaning to the 
limit of Tic as the scale gets finer and finer. In this case the continuum limit is called a 
direct limit and it is denoted by 

It is defined to be the complete vector space generated by collections of the type 

R := {(C,0 C G Hc)\C > C and C = d(j) Co }, 

for some scale Cq, and where two such collections are identified if they coincide for all 
C > Cq for some scale Cq. Addition and multiplication by scalars is defined "component by 
component" , and the inner product is inherited from any of the involved scales because the 
decimation maps are isometries. 4 

Notice that due to the absence of a cut-off, that allows only certain scales, we have to 
include a clause to guarantee the completeness of the Hilbert space. The effect of such a 
clause is to add states that have the form of infinite linear combinations of states that "have 
their origin at infinitely many distinct given scales". Let us then pose the following result: 



This is exactly the same mathematical structure appearing in the definition of cylindrical functions. In 
the collection written above Co plays the role of the graph T labelling the cylindrical function • 
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Theorem 1 Hr is naturally isomorphic to H, po \y, x . 

To prove this theorem we simply exhibit the isomorphism / : 7i po i y ,x ~^Hr, 

I(6 xo ) = {(C,e axo eH c )\C>C X0 }, 

where the decomposition C Xo contains an interval for which xq is its left extreme point, and 
where the interval a Xo G C is the one that contains x . 

Definition 4 (Continuum limit of 1~Vq) Also d* gives a meaning to the continuum limit 
of Ufa- Since in this case the limit goes in the direction opposite to d* the limit is called an 
inverse limit (or projective limit) and denoted by 

It is defined to be the complete vector space generated by collections 

$ R := {$ c e H* c } 
which satisfy the following two properties: 

1. It is d* -compatible, d* b ($c b ) = &c a whenever C a < Cb- 

2. The norm of its elements converges, lim^^ ||$c||c exists. 

< — * 

Notice that the first property guarantees that the elements of 7i R have a natural action on 
Cyl(R) given by 

$r(6 X0 ) :=|m$ c (y. 

The space that we have just described is naturally isomorphic to H* oly x . The natural 

< — * 

isomorphism J* : Ji g> — > 7% oly x is given by 

I*(U X0 ) = (S XQ , ■ )poly, 

where the symbol u XQ is a short hand for the collection 
To summarize we can write 

nl^ n; oly>x c c y i(R) x . 

This concludes our construction of the kinematical structure needed for the second step, 
namely for the definition of dynamics. 
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III. EFFECTIVE THEORIES, COARSE GRAINING AND CONTINUUM LIMIT: 
DYNAMICS 



As mentioned in the introduction we will import the proposal of constructing the dy- 
namics of loop quantized theories as a continuum limit of effective theories developed in 
Ref [3J to this model structure for quantum mechanics. The basic ideas of this approach are 
presented and developed for the quantum field theories in the mentioned article, here we 
give a self-contained treatment for the case of quantum mechanics. As expected in the case 
of quantum mechanics, the procedure is considerably simplified; only the inner product will 
have to be renormalized, but not the coupling constants. 

For convenience we will use a smaller auxiliary set of scales defined by regular decom- 
positions {C n }. We start with a regular decomposition C with intervals of length a , and 
generate a totally ordered family of decompositions {C n } from it by regularly subdividing 
its intervals repeatedly; then C n 's intervals have length |£. 

The first ingredient is a regularization of the Hamiltonian as a self-adjoint operator 
at each scale. With the aid of the inner product, these Hamiltonians will be treated as 
quadratic forms; the quadratic forms that give its expectation value on normalized states 

h n : H Cn -> K. 

The normalization factors in the inner product \ 2 Cn G R + have to be adjusted in such a 
way that, at least in the continuum limit, the Hamiltonians of different scales are pasted 
correctly by the decimation maps 5 . 

At we can "include the effects of more microscopic degrees of freedom" 

by using our decimation map. When C m < C n we define 

h m (n) ■= <%n,n h n- (1) 

That is, h m (n){e ai ) := h n (d mtn e ai ) . If these microscopically corrected Hamiltonians converge, 
their limit will be called a completely renormalized Hamiltonian at the given scale : 

hT := \™h m[n) . (2) 

By construction, when the completely renormalized Hamiltonians exist, they are compatible 
with each other in the sense that 

j* tren rren 

a m,n IL n ~ ,L m ' 

A collection of compatible Hamiltonians defines in itself a continuum limit Hamiltonian. 
We will construct a Hilbert space of physical states after we study the issue of convergence 
stated in Eq. d2J) in some detail. 

We will work with effective Hamiltonians that have a purely discrete spectrum (labelled 
by v) h n ■ ^u,o n — E v Cn ^u,c n (if we see the effective Hamiltonians h n as quadratic forms 



5 In standard introductions the continuum limit in the renormalization group framework includes a wave 
function renormalization; here we choose the equivalent action of renormalizing the inner product instead. 
We choose to absorb the normalization factors in the inner product to find a non trivial action of the 
completely renormalized Hamiltonian in Ti. po iy,x ©. 
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the condition is that they have isolated critical points ^ v ,c n )- We shall also introduce, as 
an intermediate step, a cut-off in the energy levels. Thus, we can write 

^cut-off 

^cut-o ff = E v>Cm y v> c m ®^ v ,c m , (3) 

where the eigen covectors *f? v ,c m £ c ^vK^-)x are normalized according to the inner 
product rescaled by , and the cut-off can vary up to a scale dependent bound, ^ cu t-ofr < 

^maxlCm)- The origin of this cut-off is in the regularization which models the Hamiltonian 
of our system at a given scale with a Hamiltonian of a periodic system in a regime of 
small energies. Note that in the polymer representation the operator of momentum p is not 
defined, so it has to be aproximated using the translation operator, that is well defined. 
As a result of this aproximation the standard kinetic term p 2 /2m is replaced by a periodic 
funcion of p. 6 

In the presence of a cut-off, the convergence of the microscopically corrected Hamiltoni- 
ans, equation (|2j) is equivalent to the existence of the following two limits. The first one is 
the convergence of the energy levels, 

}% E ^ =E » n - (4) 
Second is the existence of the completely renormalized eigen covectors, 

Jim R < n Vufin = K n c m G n* Cm C Cyl x . (5) 

When the completely renormalized eigen covectors exist, they form a collection that is d*- 
compatible. 

In addition one could ask whether the eigen covectors ^™c m converge in the continuum 
limit as elements of Cyl(M.)*. We can choose the normalization factors A^- n in a way that that 
the renormalized eigen covectors converge point-wise when acting on cylindrical functions 
5 XQ when the point xq is a vertex of one of the intervals at some scale C n . In most cases 
the dynamics leads to completely renormalized eigen covectors that are continuous in the 
sense that they also converge point-wise when acting on other cylindrical functions. In these 
cases, the collection of d*-compatible Hamiltonians can be extended to act on 7i po i y ,x- This 
Hamiltonian (with cut-off) h^ ut ~° sren : Ti. po iy,x ^ M in the continuum is defined by, 

h»r-° aICn (K) := lim ren ([^ ]cJ. (6) 

On — >JK 

Notice that the domain of this Hamiltonian is 7i po iy,x arid not only Cyl x ; this happens 
even when the domain of the \I/* e gr is only Cyl x £1 H po i y>x because the quadratic nature of 
the Hamiltonian improves convergence, so we can extend the action from Cyl x to 7i po iy,x- 
From now on, we will assume that the limit in equation exists for any x G IR. 

This continuum limit Hamiltonian can be coarse grained to any scale d*h^ ut ' ottTcn : Tic ~* 
E. Clearly, for a regular decomposition we have d* h^ ut ~ o{Cien = /i^ cut "° ffren . 



6 In the case of the harmonic oscillator we shall see in detail that the system can be described in terms of 
a periodic potential, namely, that of a pendulum. 
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Now we return to the construction of a Hilbert space of physical states. Recall that 
an inner product renormalization was used to obtain our results concerning the continuum 
limit. Had we insisted on using normalized eigen covectors {—^jp-} according to an inner 
product which did not have the normalization factors, we would have found that the limit in 
equation (jSJ) did not exist. In this case the norm of the eigen covectors diverge as C n — > K. 

A choice of normalization factors that leads to convergence in ([2]) for "standard systems" 7 
is \ 2 Cn = 2 n , which means that the renormalized inner product in is 

{u ai iU aj ) x gl = —8ij. (7) 

The Hilbert space of covectors together with such inner product will be called 7^^ en . 

The sequence of compatible renormalized eigen covectors {^ e 5 } does define an element 

< wen 

of , which is the projective limit of the renormalized spaces of covectors 

< *ren < 

TOJew* =^% H cT- (8) 

The inner product in this space is defined by 

({*c n },{®c n m a := Hm (¥cw,*cj£. 

On — ™i 

This inner product is degenerate. Collections of the form 

{ Yl 5 x {L{ai))u ai ) 



W X 



have zero norm, since there is at most one term contributing. While collections corresponding 
to characteristic functions of intervals that fit inside some decomposition ojj 6 C m 

X ai := {0 if C n < C m , ^2 x ai {L{oij))uj a . if C m <C n } 

Ctj£Cn 

now belong to the Hilbert space and their squared norm is the length of «j in units of do- 

Given that the inner product identifies many states, the natural definition of the Hilbert 
space of physical states is to take the quotient by the zero norm states, namely: 

Definition 5 (Hilbert space of physical states) 

< *ren 

K hyB :=H R /ker(-,-)r 

rI -phys •— rl -phys 

Theorem 2 The Hilbert space of physical states is naturally unitarily isomorphic to the 
space of square integrable functions with respect to the Lebesgue measure 

H phys ~L 2 (R,dx) 



'Standard systems" include those with classical Hamiltonian of the form H = p 2 /2m + V(x). 
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Proof. We will define a unitary anti-isomorphism (invertible antilinear map that preserves 
the inner product) from L 2 (IR, dx) — > 7^ph ys - 

Consider in L 2 (M, dx) elements of the form \1> = ^(a) [xJl 2 , where the sum runs over 
finitely many closed-open intervals and Xa is the characteristic function of the corresponding 
interval. The subset of elements of this form is dense in L? . Thus, our unitary anti- 
isomorphism is defined by assigning \1/ = ^(tt)[x«]ph y s to those elements. □ 

Notice that we could have worked with the set of all the scales C (not necessarily corre- 
sponding to regular decompositions) using the corresponding renormalized inner products 
for them and we would have obtained the same result. The use of our auxiliary set of scales 
corresponding to regular decompositions simply selects a dense subset of the physical Hilbert 
space. 

Now we return to the definition of the Hamiltonian in the continuum limit. We can use 

< *ren 

the renormalized inner product to induce an action of the cut-off Hamiltonians on T~C R 

h^-° s ™({* Cn }) ■= lim K cat ~° sren ((^c n , •)£), 

On — >K 

where we have used the fact that (^c„r)cn e ^cv The existence of this limit is trivial 
because the renormalized Hamiltonians are finite sums and the limit exists term by term. 
These cut-off Hamiltonians descend to the physical Hilbert space 

^cu t -o ffr en ([{ ^ cJ]) ;= ^ ut -o ffr en ({ ^ }) 

for any representative {^c„} £ [{^c„}] £ ^ph ys - The con text will prevent any confusion 
with the notation. 
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Finally we can address the issue of removal of the cut-off. The Hamiltonian h r ^ n : Ji l 
R is defined by the limit 

^ n := lim /^cut-off rcn 

I'cut-off— > °° 

when the limit exists. Its corresponding Hermitian form in 7i p hy S is defined whenever the 
above limit exists. 

< *ren 

Moreover, we can construct tf^ n : 7i R — > M without introducing an auxiliary cut-off. We 
can simply define 

hra^cj) .= iim h n ((* Cn , -rs:) w 

On — >K 

and arrive to the same Hamiltonian in the continuum as the previous equation. On the 
other hand, the cut-off can not be removed when working on Tt po \y tX , or at a given scale; the 
completely renormalized Hamiltonians can not be liberated from their cut-off given that, 
as we explained earlier, at any given scale the cut-off is nedeed in order to aproximate the 
given quantum mechanical system by a periodic one. There is no solution to this "problem" 
but, as we will show, it is really not a problem, but simply an issue related to the domain 
of the Hamiltonian. 

With the use of the decimation map, the elements of TLc m have an action as linear forms 

< *ren 

on n R 

e Qi « n ({*c„})) :=e ai (Vc m ). 

< *ren 

Also, the elements of TC po i ytX act on J{ R 

M{*cJ) := lim [<Uc-n(*Cn). 
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< *ren 

If any such action is restricted to smooth functions with compact support, CTCr , it 
becomes the standard action of Dirac's delta functional. The natural inclusion of Cq° in 

< Ttren 

7i M is by an antilinear map which assigns to any \1/ £ the ^-compatible collection 

®cf '■= e n cT c C'y^! ^cv d wil1 be called the shadow of * at scale 

C n and acts in Cyl x as a piecewise constant function. Clearly other types of test functions 

< *ren 

like Schwartz functions are also naturally included in 7Y R . This natural inclusion map is 
compatible with the isomorphism of Theorem [2j 

When Ticm or ^poi y ,x are seen from point of view of the natural home of the dynamics in 
the continuum they correspond to highly distributional objects which are not in the domain 
of the Hamiltonians with the standard kinetic term. For example, the calculation of equation 
(JIJJ) corresponds, in the Schrodinger representation, to the expectation value of the cut-off 
Hamiltonian on 5?„ irac . 

Notice that equation (jUJ) leads to a very compact version of the dynamics of polymeric 
quantum mechanics. We can say that a dynamics in this framework is characterized by a 
collection of effective Hamiltonians such that the limit h^ n in ([9]) exists for all the elements 
of a dense domain, [{^c„ }] P h ys G D phys C ftp hys . 

Now we can compare with the standard quantum mechanics resulting from the 
Schrodinger representation, where the dynamics is taken to be defined by a Hamiltonian 
quadratic form /ischr defined on a dense domain f^]^ G D L 2 C L 2 (R, dx). These two dy- 
namics are equivalent if the unitary anti-isomorphism of Theorem [2] identifies the domains 
of definition and the Hamiltonian quadratic forms. In the next section we will explicitly see 
that this is indeed the case for the simple harmonic oscillator. 

We have completed the main result of this paper, namely to construct a physical Hilbert 
space which turns out to be isomorphic to that of the standard Schrodinger representation. 
In the next section, we shall examine a paradigmatic system that has been the subject of 
extensive study, namely the simple harmonic oscillator. 



IV. SIMPLE HARMONIC OSCILLATOR 

In this section, let us consider the example of a Simple Harmonic Oscillator (SHO) with 
parameters m and lu, classically described by the following Hamiltonian 

tt 2 2 2 

ri = p H — moo x . 

2m F 2 



Recall that from these parameters one can define a length scale D = ^Jh/muj. In the 
standard treatment one uses this scale to define a complex structure J (and an inner product 
from it) that uniquely selects the standard Schrodinger representation. In our case, since 
the operator 

V{fi) = e l ^ /h 

is not weakly continuous in fi in the polymeric representation, the corresponding would-be 
self-adjoint momentum operator p does not exist. As a starting point we take the suggestion 
of Ashtekar, Fairhurst and Willis who define (regulate) p, at 



v 



ih2 n 1 |>, /GkA T *> / do 
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(10) 
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However, the operator p 2 that appears in the Hamiltonian, is then defined not as the square 
of (fTUj) but rather as, 

. h 2 2 2n 



a 



a 



(11) 



2-V — )-V . 

As they note this election is not unique and is guided by the requirement of non-degenerate 
energy levels (that makes it preferred compared with (p) 2 ). Then, the Hamiltonian Hc n ■ 
Hc n — > T~tc n at scale C n , is given by, 



H, 



C 1 



h 2 (2 n 

2m \ Oq 



2-V 



-V - 



2VJ 



H — muj 2 x 2 
2 



where the operators are represented as 



,2 n 



e ai,C n 



and 



with LioLi 



L{a.i 



■'OLifin 1 



^r. Let us now discuss what is being done. The original system is rather 
symmetric for x and p, being quadratic in both coordinates. This means that one can 
alternatively think of x or p as the configuration variable. Then, what one is doing is to 
replace the 'potential' p 2 for a periodic function, for each n as 



P 



2 n h 

a Q 



1 



cos 



2"H 



This is precisely the potential of a pendulum with frequency u and n-dependent length 
i n = ra^ap • That is, we are approximating, for each scale C n the SHO by a pendulum that 
is longer (and with 'stronger gravity' since the effective gravitational constant is given by 

_ nw2^_\ ag we £ Q sma [[ er distances. In the limit we do recover the SHO. There is, 
however, an important difference. From our knowledge of the pendulum, we know that 
the quantum system will have a spectrum for the energy that has two different asymptotic 
behaviors, the SHO for low energies and the planar rotor in the higher end, corresponding to 
oscillating and rotating solutions respectively 8 . As we refine our scale and both the length 
of the pendulum and the height of the periodic potential increase, we expect to have an 
increasing number of oscillating states (for a given pendulum system, there is only a finite 
number of such states). Thus, it is justified to consider the cut-off in the energy eigenvalues, 
as discussed in the last section, given that we only expect a finite number of states of the 
pendulum to approximate SHO eigenstates. With these consideration in mind, the next 
question is whether the conditions (jl]) and (j3j) are satisfied for the SHO. 

We denote the corresponding eigen-covectors as ^ u ,c n — ^^(^pr) u a k ,c n ^cT"- 
Let us take into account the microscopic corrections and define the renormalized eigen- 
covectors, at the scale Cm as 



vr,ren 



lim d*J$! 

C n ^R 



V,C n 



Note that both types of solutions are, in the phase space, closed. This is the reason behind the purely 
discrete spectrum. The distinction we are making is between those solutions inside the separatrix, that 
we call oscillating, and those that are above it that we call rotating. 



13 



We can now prove the following result 



Kc m = <c m , (12) 

where ^ h oL( e a*,c m ) = V^ chr (^ao/2 m ) * s (the complex conjugate of) the eigenfunction in 
the representation of Schrodinger calculated at the extreme left side of the interval a* of 
the partition C m (see FIG [2]). The proof is based on the following numerical result in [l[, 




0,SHO 



FIG. 2: The solid continuous line represents the graph of the vacuum state ^o,sho and the 
piecewise constant function represents ^q 6 ^. 



obtained for the case of a fixed regular lattice (for our considerations are relevant only the 
results referring to xq = in their notation) and modified by using the renormalized inner 
product, 

2 n/2 ii - Kc n ir~ + i) 1 - 35 (^) L1 ° > ( 13 ) 

where D 2 = — . This result is obtained for 1CF 6 < < 1- Using the properties of d* we 
can easily prove that 



d* * n - \T/ sh 2; d ir n -=|| d* (\fj n -\]/ sh 2; dN ) || rcn < 2 (n ~ m)/2 II * n - \I> sh A d 
u m,n^ v,C n * u,C m II ■ II u m,n\^ v,C n * u,C n J II — * II * v,C n ^ v,C n 



I"", 



which, by means of (fT3j) . leads us to the wanted convergence result. Note that the numerical 
result of [l| is valid in a range of values that implies a maximum number n' . However, there 
is strong evidence to assume that the desired result holds valid (see [l[ and [si] for further 
analytic arguments). 

Note that the ^ r Jc„ are compatible in the sense that 

For any 5 X G 7i po iy,x we have 

lim *~ (&) = ^((5.) = ^{x) , 

On — >K 

so that in this limit we recover all the information about the eigenstates from the Schrodinger 
quantum mechanics. 
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Regarding the energy levels we take the corresponding result from [l| and rewrite it in 
our notation leading to 

E vC ~(2v + l)— + o(^-) , 
valid for (a /2 n D) < 1, so that 

firn E V) c n = E v<suo , 

where E v> sho are the energy levels for the harmonic oscillator in the Schrodinger represen- 
tation. 

The convergence of the eigen covectors and of the discrete energy levels imply that we 
have completely renormalized Hamiltonians for any allowed value of the cut-off 

U "cut-off . ren ._ A* /^cut-off 

"'in • A ia rn,n IL n 

< *ren 

Also the Hamiltonian h^ n : 7i r -> 1 as defined in equation (Q (or equivalently by taking 
the limit ^ut-ofr — » oo) can be calculated. The calculation is especially simple when we 

< *ren 

consider the states {^c^} 6Hr • After using the convergence result (fl2l) it is easy to 
find 

hTdKcJ) = Eu,sno. (14) 

Since the L 2 -classes corresponding to states of this type form a dense subset of L 2 , we have 
shown that the unitary anti-isomorphism of Theorem [2] identifies our Hamiltonian and the 
Hamiltonian of the SHO written in the Schrodinger representation. We can thus conclude 
that we have recovered the standard treatment of the harmonic oscillator when applying our 
formalism. 

Let us end this section with a remark. As we have seen in the system considered in 
this section, there is no intrinsic length scale that one can consider as fundamental and 
below which the theory should not be considered. One could imagine that there is such a 
minimum scale, the Planck length, which would provide a cut-off in the scales C n , namely 
with a maximum number N P \ for n, but as our results here suggest, we do not need to take 
such a cut-off. Furthermore, even if one chose to have such a cut-off iVpi near the Planck 
scale, one might not be able to describe in an accurate manner, arbitrarily large, macroscopic 
systems, such as a stone attached to a coil. The larger the system, the higher the amplitude 
of the pendulum potential needed to approximate the system, so that one could even need 
a scale C n well beyond the Planck scale. How could one then justify the minimum length 
in that case? Could one consider, for instance, the polymer description as fundamental, but 
only for elementary systems, and not for composite systems such as a large stone? We shall 
leave these questions for future research. 



V. DISCUSSION AND CONCLUSIONS 

Let us summarize our results. We have shown that by starting with the usual polymer 
representation of a quantum mechanical system, we can implement a renormalization pro- 
cedure that allows us to define a continuum theory where the physical Hilbert space and 
the Hamiltonian are well defined. We proceeded in three steps. The first one was to con- 
sider an equivalent formulation of the polymer representation, where we could define the 
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notion of scale refinement and the continuum limit at the kinematical level. In order to 
implement a Hamiltonian, that is regarded as a quadratic form, we showed that, under very 
mild assumptions, one could perform a renormalization of the inner product and arrive at 
a physical Hilbert space. This space is equivalent to the standard L 2 space of Schrodinger 
quantum mechanics. In order to make contact with other approaches, we have shown that 
if certain conditions are fulfilled, the shadows of the Schrodinger system can be approxi- 
mated by the continuum polymeric system, in such a way that in the limit, both systems 
coincide. We have analyzed in detail the case of a simple harmonic oscillator, were all the 
steps can successfully be completed. The program is general enough that it can, in principle, 
be implemented to other physically motivated systems where the polymer representation is 
also the starting point, and to models defined by a bounding potential and a discrete spec- 
trum. Work in this direction is underway, as well as in extending the formalism to systems 
that in the standard representation have also a continuum energy spectrum and for totally 
constrained systems. 

An important issue regarding loop quantization and the applicability of these methods 
to different physical systems has to do with the adequacy of loop quantization for dealing 
with all class of systems. That is, are loop methods tailored to background independent 
theories only? And, why should we expect that these methods are useful for background 
dependent theories at all? Our considerations here have been motivated by our expectations 
for loop quantization, namely, that it should be applicable to theories that depend on a 
metric background as well as to theories that are independent of such structure. Thus we 
expect that, when applied to the case of metric background dependent theories, it should 
recover known physics while giving new theories when applied in the background independent 
category. Such a goal can only be obtained if loop quantization itself knows of no preferred 
background metric and the dynamics of each particular theory (that might itself depend on 
extra structures) brings in the knowledge of the background structure that it needs. This is 
precisely what happens with the polymer representation of quantum mechanics. 

As we have seen, the model of polymeric quantum mechanics is a concrete realization 
of our goal. At the kinematical level we started with the polymer representation of the 
Weyl algebra on TC po \ y . The algebra itself does not know about any extra structure such 
as a metric on the configuration space (nor phase space). A remarkable fact about Tt po \ y is 
that it hosts a faithful unitary representation of the group of homeomorphisms of K. Later 
on, we continued with our quantization process and found that the dynamics called for a 
renormalization of the inner product which lead to the physical Hilbert space 7Y p hy S which 
now knows of a metric structure in K; only the group of rigid translations can be represented 
unitarily and faithfully on it. The moral that this model is trying to teach us is that, as 
already mentioned, it is the system under consideration that introduces extra structure and 
thus reduces the symmetries of the final, dynamical theory. 

We do not want to claim that our implementation of Wilson's Renormalization Group 
is the only possible one. In fact, the general procedure of [§] (applicable to loop quantized 
field theories), calls for modeling a given scale by a general decomposition of the space (or 
spacetime) manifold. In the case of R, cell decompositions are built out of open intervals (1- 
d cells) and points (0-d cells). The procedure that we followed here is more economical and 
it has the useful property of being consistent with only one decimation map. A procedure 
of this type is available for R n (simply considering the cartesian product of our construction 
n times) and for T n . If the procedure is not unique, then one must ask if the results can 
be trusted in any way. The existence of the limits defining the continuum limit imply that, 
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as the scale is refined, the relevant objects acquire some degree of regularity which justifies, 
to some extent, our initial expectation for robustness of the formalism. In cases (like the 
SHO) where not only the continuum limit exists but the relevant wave functions coincide 
with the shadows of the corresponding wave functions on the Schrodinger representation 
which in addition happen to be continuous, we know that as the scale is refined the wave 
functions become continuous. In these cases we can expect that other similar procedures 
would produce the same continuum limit. 

The particular example we have chosen to analyze, namely the simple harmonic oscillator, 
has received much attention lately, mainly in connection with a proposed loop quantization of 
strings (See for instance 0] and p]]). Even when it might seem that our results contradict in a 
sense the results of 0, this is not the case. This is because we are looking at different physical 
questions. In our case, we are concerned with a procedure to implement the Hamiltonian 
operator in the continuum, while 0] analyze a closely related representation where the finite 
time evolution operator is well defined but neither p nor q exist as well defined operators. 
What the articles in Ref. 0] show is that, by coupling the oscillator to an external field, one 
might get very different answers for physically motivated quantities. It would be interesting 
though to apply the procedure here presented to that particular quantization and see whether 
this behavior remains in the limit. 

What lessons for loop quantum gravity can we learn from our study? The first immediate 
'application' of our formalism that comes to mind is loop quantum cosmology. The classical 
system possesses a finite number of degrees of freedom, so it falls within the quantum 
mechanical category. The relevant operator, namely the Hamiltonian constraint, does not 
have the standard form with a kinetic and a potential term, such as a standard particle on 
a potential, but nevertheless, the methods of polymer quantization are employed for them 
0. It is also remarkable that our case study, namely the SHO, has an intrinsic length scale 
(D = y^h/moo) that can play a parallel role to that of the the Planck length in loop quantum 
cosmology. One could imagine that the intrinsic length scale determines a minimum scale, 
which would provide a 'physical cut-off' of the type C n < Cjv max , with 2j ^ ax = -^intrinsic • Our 
results here are not conclusive for general systems, but they suggest that stopping at any 
given scale might be physically incorrect. 

On the other hand, if loop quantum cosmology is to be seen as a symmetric sector of loop 
quantum gravity, then one is allowed in principle to impose such a cut-off, coming from the 
minimum area gap of the full theory [2]. 9 The question remains open, however, as to whether 
one should take the Planck scale Cat p1 as fundamental and keep the truncated theory, or to 
perform the continuum limit and take the resulting description at face value. Would in that 
case the continuum theory coincide with the Wheeler-DeWitt quantization? or, do the main 
features of the truncated theory prevail such as a a bounce near the singularity? Can one 
define, for instance, physical observables that implement the quantization of geometry at the 
physical Hilbert space level? Can, therefore, a minimum scale be recovered dynamically? 
Work in this direction is underway. 

Let us end this paper by asking what might be the relevance of our results for the 
program of loop quantum gravity at large. That is, can we apply what we have learned 
to full loop quantum gravity? In this respect, we will give one technical comment and 
later a more general one. First, we will elaborate on the issue of "summing over discrete 
structures versus refining discrete structures" to define the continuum limit (or to get rid 



9 Some issues related to the existence of this fundamental cut-off in LQC have also been raised in 
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of the discretization introduced as a mere auxiliary regularization ingredient). Our point of 
view uses the discrete structures C to define effective theories; for example, the states of He 
are related to equivalence classes of states of TC po iy Then when we consider C > C, the 
equivalence classes [•]<? become unions of [-]c" equivalence classes. Thus, in our formulation 
"refinement" and "summing over" can not be separated. Now we turn to comment on a 
more general issue that calls for attention after our work. A possible strategy would be to 
advocate the viewpoint that we should take seriously the lessons from this simple model 
as well as from actual field theories where a more nontrivial Wilsonian renormalization is 
needed. Examples of these are 2d Yang-Mills, 3d quantum gravity and the much more non 
trivial (scalar) example that is an interacting relativistic quantum field theory defined as 
the continuum limit of 2d Ising field theory Q. Also, when we apply the formalism of [3| 
to gauge theories on a flat metric background, our effective theories and decimation maps 
lead us to Lattice Gauge Theory, where the renormalization group flow has been extensively 
studied numerically. These studies suggest that one might need to take, in loop quantum 
gravity, the Wilsonian viewpoint and perform a nontrivial renormalization. These and other 
questions certainly deserve further investigation. 
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